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Abstract 

A version of the iterated Backlund-Darboux transformation, where 
Darboux matrix takes a form of the transfer matrix function from the 
system theory, is constructed for the discrete canonical system and 
Non-Abelian Toda lattice. Results on the transformations of the Weyl 
functions, insertion of the eigenvalues, and construction of the bound 
states are obtained. A wide class of the explicit solutions is given. An 
application to the semi-infinite block Jacobi matrices is treated. 

1 Introduction 

The matrix discrete canonical system (DCS) has the form |41j : 

w{kj)-w{k-l,l) = ilJHkw{k-lJ) ik>l), (1.1) 
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where Hj^ are mxm matrices (the set {H/^} we sometimes call Hamiltonian) , 
and 

j=j* = j-\ Hk = Hl, HkJHk = 0. (1.2) 
This system is a discretization of the classical canonical system ^Ul 1201021: 

-^w(x, I) = ilJH(x)w(x, I) (H(x) > 0). 
dx 

DCS is equivalent to an important subclass of the well-known Jacobi systems 
[S21 and it is an auxiliary system for the matrix Toda lattice (MTL) studied 
in gH: 

Q'{k, t) = c{k + 1, t)c{k, t)-' - c{k, t)c{k - 1, ty^ 

C'{k,t) = Q{k,t)C{k,t). ^ ' ' 

Here C{k, t) and Q{k, t) aiepxp (p = m/2) matrix functions, Q'{t) = -^Qit), 
and 

C{k, t)Q{k, ty - Q{k, t)C{k, t) = 0, C{k, t) = C{k, ty, det C{k, t) ^ 0. 

(1.4) 

If system ()1.3p is valid, C{k,t) > and p = 1, then the first relation in 
()1.4p holds automatically and the functions u{k,t) = — In C{k,t) satisfy the 
classical Toda lattice 

(f 

-—u{k, t) = exp\u{k — l,t) — u{k, t)] — exp[u{k, t) — u{k + 1, t)]. (1.5) 

The Non-Abelian Toda lattice (NTL) was introduced by Polyakov |23] as a 
discretization of the principal chiral field equation and coincides with system 
(jl.Hj) without additional condition ()1.4j) . When the auxiliary Jacobi matrices 
are used NTL is presented sometimes [16J in the form 

A'„{t) = Bk+i{t)Akit) - Akit)Bk{t), B'kit) = Akit) - Ak-i{t) {k > 0) 

(1.6) 

The equivalence between systems fjl.3p and ()1.6|) is given by the relations 

Ak{t) = C{k + 1, t)C{k, t)-\ Bk{t) = Qk{t), (1.7) 
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and vice versa: 



Qk{t) = Bkit), Cik,t) = \ C{0,t), (1.8) 

C"(0, t) = Aoit)-\Qil, t) - X{t)Ao{tr')Aoit)CiO, t). (1.9) 

Interesting spectral results for the Toda lattice and its MTL and NTL gen- 
eralizations have been obtained in (see also 
references), though various related spectral problems are still to be solved. 

We shall construct a Backlund-Darboux transformation (BDT) for the 
DCS (jl.lj) . MTL and NTL. The BDTs are widely used in the spectral and 
in the integrable nonlinear equations theories, and the construction of the 
explicit solutions is one of the important applications. Numerous results and 
literature on BDTs are contained in[a[71[I7ll2Hll23EIlllII- In spite of 
various important results (see |21 El El 1121 12^1 1211 HHj and references therein) 
the BDTs for the discrete equations are more complicated and less studied 
than in the continuous case 2]. An interesting modification of the BDT have 
been suggested by V.A. Marchenko. Some developments and applications to 
the explicit solutions of the Toda lattice and non-Abelian two-dimensional 
Toda lattice one can find in [33] and respectively. The version of the 
BDT that we are going to apply (GBDT in the terminology of [3^]) was 
initially developed in |SS1 IMI (see the case of the canonical system in [23] 
and more references and applications in ^HI, ES|-|Sni)- The Darboux matrix 
in this approach is presented as the transfer matrix function, which is a well 
known tool in system theory |221- Transfer matrix function of the form 

wa{1) = Im- Yi{2TS-\A{l) - //„)-in(l) {A{l)S - SA{2) = n(i)n(2)*), 

(1.10) 

that we are going to use, was introduced by L. Sakhnovich in the context of 
his method of operator identities jlOlIlT]. Representation (|1.1U|) takes roots 
in the Livsic-Brodskii characteristic matrix function [?7] . 

GBDT for the discrete canonical system is constructed in Section 2. The 
results on the corresponding to GBDT transformations of the Weyl functions 
and Theorem 13.51 on the insertion of the eigenvalues and construction of the 
bound states are given in Section 3. GBDT for the matrix Toda lattice 
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is constructed in Section 4 and its modification for tlie Non-Abelian Toda 
lattice is discussed in Section 6. A wide class of the explicit solutions of the 
Non-Abelian Toda lattice, the corresponding fundamental solutions of the 
discrete canonical systems, and evolution of the Weyl functions are described 
in Section 5. Appendix is dedicated to the analog of Theorem 13.51 for the 
block Jacobi matrices. 

2 Discrete canonical system: GBDT and Weyl 
functions 

To introduce the GBDT of the discrete canonical system suppose that system 
(jl.lj) . (jl.2j) is given and fix an integer parameter n > and three parameter 
matrices: nxn matrices A and 5*0 and nxm matrix Ho satisfying the matrix 
identity 

A^o - ^0^* = ^no jn* iSo = s*,). (2.1) 

Then the sets of matrices 11^ and Sk are defined by the equalities 

Uk = Uk^^-iAUk-iJHk (fc>l), (2.2) 

Sk = Sk^, + Uk^^JHkJUl_, {k>l). (2.3) 

System (j2.2|) is obtained from the system dual to (jl.lj) via the substitution 
of the spectral parameter / by the generalized eigenvalue - matrix A. System 
(j2.3j) is chosen so that the identities 

ASk - SkA* = lUkJni {k > 0) (2.4) 

hold. Indeed, in view of (j2.3|) we have 

ASk - SkA* = ASk-i - Sk-iA* + AUk^,JHkml^^ - Ilk-iJHkmi_,A*. 

Taking into account (jl.2j) and (j2.2j) we rewrite the equality above: 

ASk - SkA* = ASk-i - Sk-iA* + liUkJUl - H^^i jn*_,). (2.5) 
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Formulas (j2.H) and (j2.5|) yield identities (j2.4p . Define now a transfer matrix 
function WA{k, I) {I ^ cr{A), a means spectrum) in the form (jl.lUp : 

WA{k, l) = Im- imiSk\A - /4)-^n,. (2.6) 



Theorem 2.1 Let matrix function w satisfy initial DCS / TO)) . Choose 

integer n > and three parameter matrices: n x n matrices A and So and 
nx m matrix Uq such that \2.1\) holds. Define matrices {11^} and {Sk} {k > 
0) via \^.^) and \2.c^) . and suppose det S^ 7^ (0 < A; < K). Choose a J- 
unitary mxm matrix ti'o(O), i-e., choose Wo(0) such that wo(0) Jwo(O)* = J , 
and define matrices WQ{k) {0 < k < K) by the relations 

wo{k) = (/„ - miS^'UkJHk + JHkJIll_,S,\Uk-i)wo{k - 1). (2.7) 

Then a solution w{k, I) {0 < k < K) of the transformed DCS 

w{k, I) - w{k - 1, /) = ilJHkw{k -1,1), (2.8) 

where 

Hk = WoikTiHk + Hkmi_,S^\llk_,JHk)woik), (2.9) 



HkJHk = 0, (2.10) 

is given by the formulas 

w{k, I) = v{k, l)w{k, I), v{k, I) = Wo{k)~^WA{k, I). (2.11) 
Moreover if Hk > {0 < k < K) and So > 0, then Sk > and Hk > also. 

System ()2.8p is the GBDT of the initial system (jl.lj) . Its Hamiltonian Hk 
and fundamental solution are expressed explicitly in terms of the Hamiltonian 
and fundamental solution of the initial system (see formulas (12. 9p and (j2.1ip ). 
which is the characteristic property of the BDT. GBDT (j2.8j) is determined 
by the parameter matrices A, So, and Ho, satisfying identity ()2.1|) . 

Proof of Theorem 12.11 From (j2.3j) it follows easily that 

- Sk-i = -Sk^'n^k-iJHkJ'ni_^s^\. (2.12) 
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In view of (|2.12p we get 

Using ()2.2|) we rewrite this equality as 

KSk'-^US,\ = ^H,mUA*S,\-UlS,'U,_,JH,JUUS,l^ (2.13) 

By (Q we have A*S^\ = S^\A - iS,^\llk_iJIll_^S^\ and so equality 
fl2.13|) takes the form 

^k^k ^ ^k-l^k-l = ^HkJHl_iSj^\A+ 

+iH,mus^\u,_,j - nisj:'u,_,jH,j)ui_,sj:\. (2.i4) 

Now we can derive the crucial equality 

{Im + ilJHk - miS^'UkJHk + JHkJIll_,S^\Uk-i)wA{k - 1, /). (2.15) 
Indeed, from (j2H), (j221) and it follows that 

z{i) = (/^ - imis,\A - //„,)-'n,_i)(/„ + tijHk) 

-JUIS^\A - lQ-'AUk_^JHk. (2.16) 
Rewriting A as {A — I In) + lln we obtain 

Z{1) = Im + tlJHk - tmiS^\A - IQ-'llk-i - miS^'Uk-iJHk. (2.17) 

In view of fimi equality (ETTI) yields 

Z{1) = ilJHk + WA{k - 1, /) + JHkmi_iSj,\A{A - //„)-^nfc_i 

-tj{Humi_^s^\Yik-iJ - n*s,-infe_i jiffc j)n*_i5,-_\(A - iinY^Yik-i 

6 



-miS^'Uk-iJHk. (2.18) 
By definition ()2.6|) and substitution A = (A — //„) + //„ we derive now 

Z{1) = (/^ + tlJH, - miS^'Uk.iJHk + JHkmi_,S,\Uk-i)wAik -1,1). 

(2.19) 

By (O, (EI2I) and ^TT^ formula (ITTH|l is immediate. 
Now in view of (|1.1|) and (j2.15|) one gets 

WA{k, l)w{k, I) = (J„ + UJH, - JUlS^'UkJHk + JHkJIll_,S^\Uk-i) x 

xwAik-lJ)w{k-l,l). (2.20) 

According to (|2.2(Jj) to prove that w of tlie form (j2.1ip satisfies (j2.8j) it remains 
to sfiow tliat 

Im + ilJHk = (2.21) 
wo{k)-\lm + tlJHk - miS^'Uk.,JHk + JHkJUl,,S^\Uk-i)wo{k - 1). 
By tlie definition ()2.7|) formula ()2.21|) is equivalent to the relation 

JHk = wo{k)~^JHkWo{k - 1). (2.22) 

It follows gOl E] from (Q and that 

WAik,l)JwAik~iy = J {k>0). (2.23) 

By p.2|) it is immediate that 

{Im + ilJHk)J{Im + iUHk)* = J (/ G M). (2.24) 

According to (jTTHl) . and ^HM matrices 

are J-unitary. Hence, taking into account formula (|2.7|) . we obtain 

Wo{k)Jwo{ky = J, (2.25) 
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wo{k - 1) = J{Im - JUlS^^UkJHk + JHkJUl_,S,\Uk-iyjwo{k). (2.26) 
Finally in view of the formulas (IT7|) . and we derive 

JHk = Jwoik)*iHj, + Hkmi^,S,:\Uk-iJHk)wo{k) = (2.27) 

wo{k)-'jHuJ{im + n*_i5,_\n,_i ji/fcj - i7fcjn*5,-in, J) jw7o(A;). 

In view of (IT^ and (ITTTIl the equality is true, and so (EH) is satisfied. 

Equalities dTTIHl follow from and (IT^ . The last statement of the 

theorem is immediate from ()2.3|) and ()2.9|) . ■ 

Remark 2.2 A zs invertible and Wo{0) = wa{0,0) then by \2. 7| ) and 

|1[73J) ti;e /iflwe Wo(^) = ^^(fc, 0) for all k >0. 

Remark 2.3 Formula \2.2'J\) is a particular case of a more general relation 
that follows lJ^\TJjl from |g and HlKl : 

WA{k, lyjwAik, ^i) = J + ^{l- ^l)Iil{A* - IQ-'S^\A - fiQ-'llk. (2.28) 

3 Transformation of the Weyl functions and 
insertion of the eigenvalues 

Let now m = 2p, > {0 < k < K), and put 

Normalize the mxm fundamental solution w of DCS by the initial condition 

iviO,l) = Im. (3.2) 
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Definition 3.1 gTJ/ The set M{w,K) of the Weyl functions ip{l) for DCS 
M.l]) given on the interval < k < K is defined by the linear fractional 
transformation 



-1 



cp{l)=t[Ip 0]w{K,irx{l)[[0 I,]w{K,irx{l)) (/gC+), (3.3) 

where C+ is the open upper half-plane, and x(0 '^'^^ meromorphic in C+ and 
non- degenerate m x p matrix functions with the J -property: 

x{irx{i)>o, x{irJx{i)>o. (3.4) 

Notice jH] that the inequahty 

U{1) := w{K,Jyjw{K,l) > J (3.5) 

holds, and if det f [0 Ip]w{Kj)*x{l)) ^ 0, then i{ip - ^*) < 0, i.e., 



-i(^(Z) 



(3.6) 



li Hk>0 ioT < k < oo and W(/) > J, then det ([0 Ip]w{K, /)*x(0 j ^ 
for all X satisfying ()3.4|) . and it was shown in [IT] that the Weyl functions 
f G nx<ooA/'(w, K) have the characteristic property: 



J2[^p ]w{k,iyHk+MkJ) 



k=0 



-i^{l) 



< oo. 



(3.7) 



Definition 3.2 The Weyl functions (p{l) for DCS lll.l]) {Hk > 0) given on 
the semiaxis < k < oo are defined by the condition ^3. 7| ). 

In view of the representation 1)2.111) the normalized by the condition "57(0, /) = 
Im solution w of the transformed system (|2.8|) is given by the equahty 

w{k, I) = v{k, l)w{k, l)v{0, (3.8) 

The analog of Theorem 4 ^B] on the Weyl functions of the transformed 
canonical system is true. 
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Theorem 3.3 Suppose the Hamiltonian of the DCS M.l]) . il.^) on the in- 
terval < k < K is non-negative: > 0, and the inequality in i!^. 5}) is 
strict: U{1) > J. If Sq > 0, then the function if of the form 

m = ^[Ip 0]Ji;(0,OJx(0([0 I,]MQ,l)Jx{l)Y\ (3.9) 

where (p G Af{w, K) and £ is given by / IJ. 6|) . is a Weyl function of the trans- 
formed DCS JFl) . I.e., U{w,K). 

Proof. Notice that Jt;(0,/) J = (t;(0,/)*)"\ Hence according to (jSISI) , 
and definition of £ in ()3.6p we have 

jt;(o,/)Jx(0 = {v{Q:irY\{K;iyv{K;iyx{i){[^ ipMKjyxii))'' 

= w{Kjyxil){[0 Ip]w{K,iyx{l)y\ (3.10) 

where x(0 '■— (^(-^?0*) ^x(0- By Theorem 12 . II from So > we get Sk > 0. 
Thus formulas TTI^ and (17^ yield 

v{k,iyjv{k,l) > J, v{k,iyjv{k,l) < J (/ G C+). (3.11) 

In particular, we have 

v{kj)-^j{v{k,iyy^ > J {k>0). (3.12) 

Therefore if x satisfies relations (j3.4p . then the matrix function %(/) = 
[v{K,iy^ ^x(0 satisfies relations ()3.4j) also. Moreover asU{l) > J we derive 
from (jTT^ that 

{v{ojyy^w{Kjyjw{Kj)v{oj)-^ > j. (3.13) 

Taking into account formulas ()3.4j) and ()3.13|1 we obtain 

det ([0 I,]wiKjyxil))=det{[0 /j(t;(0,I)*)"'^i;(ir,I)*x(0) ^ 0. 

(3.14) 

From ()3.10|) . ()3.12j) . and ()3.14|) follows the statement of the theorem. ■ 
The next theorem is closely related to Theorem 13.31 
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Theorem 3.4 Suppose > for < k < oo, Sq > 0, and (f{l) is a Weyl 
function for DCS on the semiaxis < k < oo, i.e., matrix function 

ip{l) satisfies \3. 7| j. If the inequality det (^[0 Ip]Jv(0,l)Jxil)^ 7^ holds, 
then the matrix function (f{l) given by the equality i3. 9\) is a Weyl function 
of the transformed DCS \2.^) on the semiaxis: 



^Viiy ]w{k,iyHk+iw{k,l) 



k=0 



-i^{l) 



< 00. 



(3.15) 



Here w is the solution of \2.t^) normalized by the condition w{0, 1) = Im- 
Proof. From the equality 

(J„ + ilJHk+i)*J{Im + iUHk+i) = J + i{l- l)Hk+i 
and (jl.lj) it foUows that 
w{k+l,iy Jw{k+l,l)-w{k,l)* Jw{k,l) = i{l-l)w{k,iyHk+iw{k,l). (3.16) 
Hence one gets 



K-l 



J2 ITHk+Mk, = ^ - w{K, lyJwiK, I)) . (3.17) 



A;=0 



In view of fl3.17|) inequahty ()3.7p is equivalent to the boundedness of the 
forms 

mMK, in-j)w{K, i)x{i) < M{i)im (ir < 00). 

By the formulas p.llj) and ()3.18|) we have 



m*HK,irv{K,in-JHKj)w{K,i)m < m{i)i„ 

Formula ()3.9|) yields the equality 



(3.18) 
(3.19) 



According to relations ()3.8|) . ()3.19|) and ()3.20|) the inequalities 



(3.20) 



-i^{l) 



< Mi{l)Im (K < 00) (3.21) 
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are true. Similar to the equivalence of (j3.7p and (j3.18|) we get (|3.15|) from 



Insertion of the eigenvalues by the commutation methods have been stud- 
ied in the important papers [TTl [T7] , and useful references on the insertion 
of the eigenvalues into Jacobi operators one can find in ^ . Insertion of 
the eigenvalues and construction of the bound states using GBDT approach 
were investigated in the continuous case in [THJ [33]. The bound states and 
eigenvalues generated in DCS by the parameter matrix A are described in 
the following theorem. 

Theorem 3.5 Suppose Hk > for < k < oo, So > and GBDT / fOI) 

is determined by the parameter matrices A, Sq, and Uq. If f ^ is an 
eigenvector of A, that is Af = fif , then the sequence {gk}, where 

gk = Woikr\miS,'f, (3.22) 

is a bound state of the DCS corresponding to the eigenvalue fi, i.e., the rela- 
tions 

oo 

gk = (Im + ifJ,JHk)gk-i ik>0), ^glHk+igk < oo (3.23) 

fc=0 

are valid. 

Proof. First we shall prove the first relation in (j3.23|) . By (jl.2p . (j2.2p . and 
(imil we get 

J^Sk'f = 

= {i^+tfiJHk+JHkJiii_,s^\Uk-i-mis;'UkJHk)mi_,s^}j. (3.24) 

According to (IT^ . (IT^ . and (HT^ the first relation in ^^TT^ is true. 
To prove the second relation in ()3.23|) for /i 7^ /I analogously to ()3.17p we 

get 

K-l 

J2 ^{k, lTHk+iw{k, I) = (J - w{K, l)*Jw{K, I)) . (3.25) 
k=o ^ ~^ 
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From the first relation in (|3.23|) it follows that 

gk = w{k,n)go. (3.26) 
Therefore, if /i 7^ /I, then in view of ()3.25|) and ()3.26|) we obtain 



K-l 



alHk+iQk = {glJgo - 9kJ9k) ■ (3.27) 

fc=0 ^ ^ 

Finally notice that formulas ((231), (IT^ . and (IT^ yield: 

9U9k = -^nS^'A - A*S,')f = -^{^,--p)rs^'f. (3.28) 

According to Theorem 12.11 the inequalities > hold. Hence from ()3.27p 
and (jT^ it follows that 

OD 

J29lHk+i9k<rS^'f, (3.29) 

fc=0 

and the second relation in ()3.23|) is valid. The proof of ()3.29|) in the general 
case that includes real eigenvalues of A is somewhat more complicated. For 
that purpose we shall consider glHk+i9k- From ()2.22|) . ()2.25|) . and ()3.22|) we 
derive 

9lHk+i9k = rS,'UkJ{wo{k + l)wo{krYHk+iJKSk'f- (3-30) 
Thus taking into account ()1.2p and ()2.7|) we get 

9kHk+i9k = 



= f*^k ^(J^kJHk+iJUl — IlkJHk+iJIll_^_^Si^l^Ilk+iJHk+iJUl)Si^ V- (3.31) 

Using (lOl) and rewrite (jOT^ as 

9kHk+i9k = f*S^^iIlkJHk+iJU-l - UkJHk+iJUlSf:lJlkJHk+iJIll)S,^^ f. 

(3.32) 

Therefore in view of (j2.3|) we obtain 

9kHk+i9k = f*S^ ^ {Sk+i - Sk- (Sk+i - Sk)Sf:l^{Sk+i - S'fc))S'^V = 

= r{S,'-S,l,)f. (3.33) 
By ()3.33p inequality ()3.29|) is true for /i G M also. ■ 
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4 Matrix Toda lattice 



In this section we shall consider the MTL generalization ()1.3|) . ()1.4|) of the 
well known Toda lattice. For this purpose we shall need an equivalent rep- 
resentation of (|1.3p in the zero curvature form 

^G{k, t, I) + G{k, t, l)F{k - 1, t, I) - F{k, t, l)G{k, t, I) = 0, (4.1) 

where 

G{k,tJ) := -lVi+i^{k,t), F{k,t,l) := -lV2-iip{k,t), (4.2) 





" 




' 


" 




_ 










Ip. 



V1V2 = V2V1 = 0, 



(4.3) 



ak,t):-- 



-iQ{k,t) C{k,t) 
C{k,t)-^ 



ij{k,t) :-- 



C{k + l,t) 

C{k,t)-^ 



(4.4) 

See |2l El UH Uni I2n] for the references on the lattice models and P for the 
discrete version of the zero curvature equation. 

To describe a Backlund-Darboux transformation for the MTL introduce 
Hamiltonians {Hk{t)} by the equalities 



Hk{t) := JU{k, t)r]{k, t)U{k, tyj, r]{k, t) : = 



C{k,t) 




where J is given by the equality ()3.1|) . 

U{k, t) = U{k - 1, t)^{k, t)-\ f/(0, t)JU{0, ty = J. 
Notice that according to formulas (jl.4j) . (j4.4j) and (j4.6|) we have 

^{k, t)j^{k, ty = J, u{k, t)ju{k, ty = J. 



(4.5) 



(4.6) 



(4.7) 



By ()4.5p and the second relation in ()4.7|) Hk satisfies condition ()1.2|) . 

Add now a new variable t in the notations of Section |21 Similar to Section 
2, if given a solution {C{k,t), Q{k,t)} of (jl.3|) . (jl.4|) . we choose n > and 



14 



three parameter matrices A, S'o(O), and no(0) that satisfy the matrix identity 



ASoiO) - So{0)A* = zno(O) jno(O)* (5o(0) = 5o(0)*) (4.8) 
to construct a new solution. We put 

%{t) = Uf,{t)U{k,t), (4.9) 

and so according to (j4.7j) identity (j4.8p is equivalent to the identity 745*0(0) — 
So{0)A* = ino(O) jno(O)*. in view of (gS)), (IiZ3) and (03) formulas Q are 
equivalent to the equalities 



(4.10) 



Thus {Ukit)} is uniquely defined via ()4.10|) by the initial value no(0) and 
equation 



4no(t) = Ano(t)P2 + «no(t)^(o,t). 

at 

Using ()4.5|) . ()4.7|) and ()4.9|) rewrite now equation ()2.3|) in the form 

Skit) = Sk-iit) + Ilk-iit)Cik,t)f[k-iit)*, 
where Cik,t) = ^ik,t)-^7]ik,t)i^ik,t)*)-^. By dO)) we have 

ai,t)-'- 



Cil,t) 
C(/,t)-i tCil,t)-^Qil,t)Cil,t) _ 



(4.11) 



(4.12) 



(4.13) 



For the sake of brevity we shall sometimes omit t in our notations. In view 
of dUSl), (dD, and it is immediate that 



Cik) 





cik)-^ 



= -- 





Cik)-^Qik) + Qik)*Cik)-^ 

(4.14) 

We define {Skit)} by the formulas ()4.12|) . initial value 6*0(0), and equation 



d 



Soit) 



ASoit) + Soit)A* + zUoit) 







-'p 




dt"'''^' 2 
Then the identity 

ASoit) - Soit)A* = mo(t) jno(t)* = fflo(t) jno(t)*. 



no(t)* . (4.15) 



(4.16) 
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is valid. Indeed, by formulas (gH), KTT^ . and KIT^ for Z{t) = ASo{t) - 
So{t)A* - zno(t) Jno(t)* we have Z' = ^{AZ + ZA*) and Z{0) = 0. Hence 
the identity Z(t) = is valid, i.e., ()4.1(j|l is true. By the considerations of 
Section 121 formula ()4.16p yields 

ASk{t) - Sk{t)A* = tUk{t)mk{ty. (4.17) 

Formulas ()4.10p - ()4.12|) . ()4.15|) introduce H^ and Sk independently of the con- 
siderations of Section 1, relations ()4.5|) . ()4.6|) . and ()4.9|) granting transfer to 
the auxiliary discrete canonical systems. 

Now a Backlund-Darboux transformation for MTL is given by the rela- 
tions 

C{k,t) = C{k,t)+X22ik-l,t) {k>0), C(0,t) = (C(0,t)-Xn(0,t))'\ 

(4.18) 



Q{k, t) = Q{k, t) + i{X2i{k - 1, t) - X2i(fc, t)) (fc > 0), 
where Xij{k, t) are p x p blocks of the matrix 



X{k,t) 



Xuik,t) Xu{k,t) 

X2l{k,t) X22{k,t) 



%{tySu{t)-^%{t). 



(4.19) 



(4.20) 



Theorem 4.1 Suppose matrix functions C{k,t) and Q{k,t) satisfy MTL 
/ li.oij) . ^1.4]) and C{0,t) is continuous. Suppose additionally that matrix func- 
tions C{0,t)~^ — Xii(0,t) and matrix functions Sk{t) given by \4-l'^ and 
\4-l^ are invertible in the domain —61 <t<62, 0<k<K. Then the 
matrix functions C and Q are well defined by l{4-l^ - ^4-^^) and satisfy MTL 
in the domain —ei <t<e2, 0<k<K. 

Proof. To prove the theorem we shall obtain derivatives in t for H^, Sk, 
UkS^^, and, finally, WA{kJ) := U{k)-^WA{k,l)U{k). First let us recall (IOT| 
and show by induction that 

^nfc(t) = AYLk{t)V2 + iflk{t)^{k, t). (4.21) 
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In view of (I4.1(jp we get 

n; = uiM)'' - ^Aiii,V2 - Ui^.air'm'm-'- (4.22) 

Taking into account p.3|) we see that 



-i{C{l + - - Q{l)C{l) 

-C{l)-^Q{1) 



(4.23) 



Suppose that (j4.21|) is true for k = I — 1. Then the definition of and 
equahties KT^ . (ji:^ yield 

-n,_i^(/)-ie(/)'^(/)-i = A{- iAYLi.^V2 + n,_ie(/)- V2) 



+Ani.,m~'v, + nl^,m-\^^ilm - 1) - m')m-'- (4.24) 

Using ()4.13|1 and ()4.23|1 we calculate directly that 

e(/)-iPi = V2m, {mmi - 1) - m')m-' = ^m- (4.25) 

From Kim . KM and K^ follows equation KT^i for A; = Z, i.e., flCT| 
holds for all A; > 0. 

Taking into account ()4.15j) and ()4.21|1 one can prove that 



j^Skit) = ^{ASkit) + Sk{t)A*+iUk{t) 











U,ity). (4.26) 



Suppose ()4.26|) is true for = / — 1. Then from formulas ()4.12|) and ()4.2ip 
and equation ()4.2(i|l for /c = / — 1 we obtain 



Sl = -(ASi^^ + Si^,A*+tUi_, 







+{AYii^,V2 + tUi-Mi - i))C(Onr-i + ni-iC(0 {Ani-iV2 + tUi-Mi - 1))*. 

(4.27) 
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By (|4.1(Jj) . (j4.12j) . and (j4.14j) after some calculations we derive now (j4.26|) for 
k = I and thus for all A; > 0. 

By fl4.2ip and ()4.26|) one can show that 

^^{%{trSk{t)-') = -VMtrSk{t)-'A-iJiiik,t)jnkitySkit)-\ (4.28) 



C{k + l,t) 

C{k,ty^ 



(4.29) 



where matrix functions C{k,t) are given by ()4.18j) . ()4.2()|1 . Indeed, by 1)4.211] 
and ()4.2(i|l we have 



* o— 1 

k 



2 



-=,lilS,'{ASk + SkA* + tUk 



-L 



^k^k 



-\{Vr - V2)IllA*S,' - iJmJKS^' + \x{k){V, - V2)JKS,\ (4.30) 



Rewrite ()4.17j) in the form 



A*Sy = S,'A~^S-'%mlS-\ 



(4.31) 



nfc(t)*5,(t)-\ 



Substitute ^4*5;^, ^ by the right-hand side of ()4.3ip in the right-hand side of 
(ICTll to get 

^(n,(t)*5fe(t)-i) = -Vifik{trs,{t)-^A 

C{k,ty^ - Xu{k,t) 

C{k + l,t)+X22{k,t) 

So according to ()4.18|) it remains to obtain the equality 

C{k, t)-^ = C{k, t)-^ - Xu{k, t) (4.32) 

to prove dOHl)- By definition P?THll equality is true for k = 0. To 

prove (lO^ for A; > notice that r]{k)J^{k) = Vi and in view of 
derive the relation ( |1T], formula (8.2.7)): 



U{k,t)Vi = JHk{t)U{k - l,t). 



(4.33) 



18 



Putting 

^{k, t) ■= U{k, t)-^U{k - 1, t), U{k, t) := wo{k, t)-^U{k, t), 
consider the expression ^. By (|2.7p we have 

^(k) = U{k)-^wo{k)wo{k - l)-^U{k - 1) = 



(4.34) 



Uik)-\I^ - miS^'UkJHk + JHkmi_,S^\ll,_,)Uik - l). (4.35) 

Hence taking into account formulas (jUTj), (j4.33p and definitions (j4.6j) . (j4.9|) 

and we get 

^(k) = ^{k) - JX{k)Vi + ViJX{k - 1) = 



-i{Qik) + iiX2i{k - 1) - X2iik))) C{k) + X22{k - 1) 
C{k)-^-Xu{k) 



(4.36) 



By the left lower p x p block (^(A;) J^(A;)*)2i of ^{k)Ji{kY equals 

{C{k)-^ - Xii{k)){C{k) + X22{k - 1)), and by (ICTjl ^ is J-unitary. Thus 
we have 



(C(fc)-i - Xn(A;))(C(A;) + X22(A; - 1)) 



•■VI 



i.e., equality ()4.32|) holds. Moreover, from the definitions ()4.18|) . ()4.19|) and 
equalities (j4.32p and (j4.36|) it follows that 



-iQ{k,t) C{k) 
d{k)~^ 



(4.37) 



Now again use the fact that C, is J-unitary to show that ()1.4|) for C and Q 
holds: C{k)Q{k)* = Q{k)C{k). 

Next we shall calculate the derivative of 



WAik,t,l) = U{k,tywAik,t,l)U{k,t) 



(4.38) 
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According to the definitions (j2.6|) and (|4.9|) the function wa has the form 

WA{k, t, l) = Im- imk{trSk{t)-\A - lh)-^flk{t). (4.39) 

Using formulas (j4.21|) and (j4.28|) and equahty A = {A — lln) + Un we obtain 
easily: 

J^WAikJ) =l{- JViJiwAikJ) - Im) + {wA{k,l) - I,n)V2)- 

ii^{k){wA{k, I) - Im) + i{wA{k, I) - Im)i^{k) + lJViX{k) - lJX{k)V2. (4.40) 

Now in view of ()4.18|1 . ()4.29j) and ()4.32j) after evident transformations of 
fj4.40|) we get the result 

jWa{K t, I) = F{k, t, l)wA{k, t, I) - wa{K t, l)F{k, t, I), (4.41) 

where 

F{k,t,l) = -lV2-i^{k,t), F{k,tJ) = -lV2-ti>ik,t). (4.42) 

We shall need also a reformulation of (|2.15|) that follows from the relations 
dlSSl), dOHD and gm>- 

WAik, t, l)G{k, t, I) = G{k, t, l)wA{k - 1, t, /), (4.43) 

where 

G{k,t,l) = ~lVi+ii{k,t), G{k,t,l) = -lVi+t^{k,t). (4.44) 

Recall that system (|1.3p is equivalent to the zero curvature equation (j4.ip . 
Equation ()4.H) is a compatibility condition for the systems 

W(k, t, I) = G(k, t, l)W(k - 1, t, /), ^W(k, t, /) = F(k, t, l)W(k, t, I). 

at 

(4.45) 
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Thus by (jl.3|) there exists an m x m matrix function W (det W ^ 0) that 
satisfies (|4.45p [41j. For W := WaW formula (|4.41|) and the second relation 
in fl4.45|) now yield: 

^Wik, t, /) = F{k, t, l)W{k, t, I). (4.46) 

Formula ()4.43|) and the first relation in ()4.45|) yield 

W{k,t,l) = WA{k,t,l)G{k,t,l)W{k-l,t,l) = G{k,t,l)W{k-l,t,l). (4.47) 

In view of formula (|4.37|) and the second relations in formulas (I4.42j) and 
()4.44|) the compatibility condition 

^G{k, t, I) + G{k, t, l)F{k - 1, t, I) - F{k, t, l)G{k, t,l) = (4.48) 
for systems ()4.4fij) and ()4.47j) is equivalent to the system 



Q'(k, t) = G{k + 1, t)C(M)-i - C(A:, t)G{k - 1, t)-^ 
C'{k,t) = Q{k,t)C{k,t). 

Thus Q and C satisfy MTL. ■ 



(4.49) 



5 Explicit solutions 

In this section we shall consider first the case of the trivial MTL fll.3p . ()1.4p 
solution that is given by the functions 

G{k,t) = Ip ik>0), Q{k,t) = {k>0). (5.1) 

Starting from these initial G and Q we shall use GBDT to get explicit for- 
mulas for a wide class of the MTL solutions, fundamental DCS solutions and 
evolution of the Weyl functions. According to (j4.4|) we have 

^p{k,t) = J (fc>0), ^{k,t) = J {k>0). (5.2) 

Putting U{0,t) = Im we derive also 

U{k,t) = j\ Hk{t) = J'^V^JK (5.3) 
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Thus the normahzed fundamental solution of the DCS has the form 

k 



W 



(5.4) 



1=1 



Notice that V1 + V2 = Im and JV2J = Vi. Hence we obtain 



[Im + ilJV2){Im + iUVi) =Im+ UJ - I'Vi 



illr, 



From ()5.5p follows representation 

(J^ + tlJV2){Im + ^UVi) = TDiT-\ 

where 



2i 2i 
1 



Di 



zjp 

Z2lp 



^1,2 = -{2-f±lVP^). 



(5.5) 



(5.6) 



(5.7) 



(5.8) 



Later we shall choose — 4 G C+ for / G C+. As = Im, using ()5.4|1 and 
()5.fij) we obtain: 

w{k, I) = TD\T~^ for k = 21, w{k, I) = (/„ + iIJVi)TD\T-^ for k = 2l + l. 

(5.9) 

We shall apply now Theorem 14. II to construct explicit MTL solutions. 

Theorem 5.1 Fix > 0, two n x n parameter matrices A and 6*0(0) and 
nxm parameter matrix no(0) = [^i(0, 0) ^2(0, 0)] with nxp blocks 6i{0, 0), 
such that 

A = a + a-\ det(a-a~^) ^0, 5o(0) > 0, (5.10) 



det[jp-[Ip o]no(o)*5o(o)-ino(o) 

and holds. Put now 







7^0, 



(5.11) 



Cik,t) = I, + X22ik-l,t) {k>0), C(0,t) = (/p-Xn(0,t)) \ (5.12) 
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Q{k, t) = i{X2i{k - 1, t) - X2i{k, t)) (fc > 0), 
where Xij{k, t) are p x p blocks of the matrix 



(5.13) 



X{k,t) 



X^^{k,t) Xuik,t) 

[X2l{k,t) X22{k,t) 



UkitySkitr'flkit). (5.14) 



Define matrices Hk and Sk in the right-hand side of \5.14{ ) by the equalities 

(5.15) 

Ukit) = [ei{k, t) e2{k, t)l Oiik, t) = {-iaf-^e'''e+ + {-ia~^f-^e''~"'e., 



' 0+ - 




ia ^ ia 


)" 


' ^i(0,0) " 




< 


_ ^p . 




. ^2(0,0) _ 



e^{k,t) = {-iafe^'e^ + {-la-^fe'' ^'9. 



(5.16) 



A*t 



Skit) = ^o(t) + $^^2(/,t)^2(/,t)*, Soit) = ^^i(0,t)^i(0,t)* + e^^*g(t)e^ 

(5.17) 



1=0 



g(t) = ^o(0)- -01 (0,0)^1(0,0)* + 



e-5^"(/l0i(O, u)ei{0, u)* + 0i(O, u)ei{0, M)*A*)e-5^ "rfw. (5.18) 



Then for some Ei > 0, 62 > matrix functions C and Q are well defined by 
\5.1'J\j - K5.18\j and satisfy MTL in the domain —Si < t < 62, < k < 00. 

Proof. One can check easily that according to the second relation in ()5.10p 
the square matrix in the right-hand side of ()5.15p is invertible. By fl5.15|) the 
right-hand sides in the second and third relations in ()5.16p at A; = 0, t = 
turn into 6*1(0,0) and 6*2(0,0), respectively, i.e., 11 is well defined by (|5.16p . 
Moreover, from (pnT)|l we get e[{0,t) = 2^2(0, t) and 0^(0, t) = /l02(O,t) + 
i6'i(0,t). Hence in view of fl5.2|) Ilo(t) satisfies ()4.1H) . Notice also that 

(6^1(0, t)6^i(o, try = I (6^2(0, t)6^i(o, ty - 0i(o, t)02(o, ty) . (5.19) 
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From the equalities 6i{k, t) = 62{k — l,t) and 02{k, t) = 6i{k — l, t)—iA92{k — 
1, t) it follows that likif) satisfies (|4.1(J|) . According to (|5.17|) we see that Skif) 
satisfies ^T^. Finally formulas (IKT7I) . (IK:TK1i yield 

{So{t) - ^ei(0,t)ei(0,t)*)' = \{AS^{t) + So{t)A*), (5.20) 

and taking into account ()5.19|) we obtain ()4.15|) . Therefore matrices C and 
Q coincide with the matrices generated in Theorem 14. H when C and Q are 
given by ()5.H) . As S'o(O) > and inequality ()5.1H) holds, so for some ei > 0, 
£2 > we have So{t) > 0, det(/p — Xii(0, t)) 7^ on the interval —ei < t < 62- 
Taking into account the first equality in ()5.17j) we derive Skit) > also. The 
conditions of Theorem 14.11 are fulfilled, i.e., C and Q satisfy MTL. ■ 

Introduce matrix functions Hk{t) and Uk(t) by the equalities 

Hk{t) = JU{k,t)^{k,t)U{k,tyj, U{k,t) = U{k~l,t)^{k,t)-\ (5.21) 



where U{0, t) 



C{k,t) 




-iQ{k,t) C{k) 
C{k)-^ 



(5.22) 



Theorem 5.2 Suppose the conditions of Theorem \5 . 1\ are fulfilled. Then the 
fundamental solutions of the DCS i^.Sp . where Hk(t) is given by 



(5.23) 



the case k = 21 take the form 

w{k,t,l) = U{k,t)wA{k,t,l)TDlT-^WA{0,t,l)-\ 
and in the case k = 21 + 1 take the form 

w{k, t, I) = U{k, t)wAik, t, l)J{Im + ilJVi)TDlT-^WAiO, t, (5.24) 



Here wa is defined in ^.yyj) , matrix functions C, Q, Ilk, o,nd Sk are defined 
in \5.1^) - r5.1t^) . //det 0, then we have 



U{k,t) = J''wA{k,t,0)J''wA{0,t,0)-\ 



(5.25) 
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The evolution of the corresponding Weyl function for DCS on the semiaxis 
is given by the formula 

^it,l)=t[0 Ip]wAiO,tJ)h{l)(^[Ij, 0]^;^(0,t,/)/i(/)) \ (5.26) 



where 



h{l) 



2i h 



(/ G C+). (5.27) 



Proof. According to the first relation in ()4.34p and formula ()4.37p our 
matrix functions U and ^ given by the formulas 1)5.211) and ()5.22j) coin- 
cide with those treated in Section |3] Recall that by ()2.22|1 we have Hk = 
Jwo{k)~^ J HkWo{k — 1). Hence in view of formula ()4.33j) and the second re- 
lation in formula we obtain Hk = JU{k)ViU{k - 1)~^ Notice that U 
is J-unitary. So according to the first relation in ()4.34|) we get 

Hk{t) = JU{k,t)Vil{k,t)-^U{k,t)-^ = JU{k,t)Vil{k,tY^JU{k,tyj. 

(5.28) 

From ()0^ it follows that Vii~^J = 1], i.e., ()5.28)1 is equivalent to the 
first relation in 1)5.21)) . In other words our Hk coincides with Hk treated in 
Section |21 and we can apply Theorem 12.11 Therefore formulas ()2.11|) , ()4.34|) , 
and ()4.38|) . and normalizing condition w{0,t,l) = yield: 

w{k, t, I) = U{k, t)wAik, t, l)U{k, ty^w{k, t, /)wa(0, t, /)"^ 

Taking into account ()5.3j) and ()5.9)) we derive now ()5.23|) and ()5.24)) . Repre- 
sentation ()5.25)) follows from Remark 12.21 



To derive ()5.26)) we first need to show that </)(/) := + VP~-4:)lp is a 
Weyl function of the initial DCS. Indeed, choosing K = 21, by ()5.7)) and ()5.9)) 
we see that w{KJ)h{l) = z{h{l). Notice that i(^(/)* - ifil)) > (/ e C+), 
i.e., h{iyjh{l) > 0. From w{KJ)h{l) = z[h{l) and h{l)*Jh{l) > 0, using 
(13.17)) . we obtain the inequahty 



K-l 



h{l)* J2 ^(f^^ lyHk+Mk, l)h{l) 

k=0 

i{l-\zif) i 



^ ^ h{iyjh{i) < - — =h{iyjh{i). (5.29) 
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By (PT:^ the inequality (jSI7|) for ip{l) = !(/ + 
if is a. Weyl function for the initial DCS with Hk = 
We apply now Theorem 



— 4)/p is valid, and thus 
J^V2J^ on the semiaxis. 
and it remains to prove that 



det[/p 0]iBA(0,t,/)/i(/) 7^ 0. 



(5.30) 



Recall that h{l)*Jh{l) > and WA{0,t,l)*JvjA{0,t,l) > J for / G C+, / ^ 
(t{A). Therefore we have h{l)*Jh(l) > for h{l) = WA{0,t,l)h{l). Suppose 
there is a vector / 7^ such that [Ip 0]h{fi)f = for some fi G C+, fi 
<7{A). Then, taking into account inequality f*h{n)* Jh{jj)f > 0, we see 

that the {p + l)-dimensional subspace Lf = span ^{fi)f U Im ^ ^ is J- 

nonnegative. (Here Im means image and Lf is called J-nonnegative if for any 
g E Lf we have g*Jg > 0.) As the maximal dimension of the J-nonnegative 
subspaces is p, so we come to a contradiction, i.e., inequality ()5.3()j) is true. 



Therefore by Theorem 13.41 the last statement of the theorem is true also. 



(5.31) 



6 Non-Abelian Toda lattice 

To describe a Backlund-Darboux transformation for the NTL ()1.3j) we intro- 
duce Hkit) by the equations ()4.10p and ()4.1H) as before, and introduce an 
nxn matrix B and a new set of m x n matrix functions Lfc(t). These matrix 
functions are given by the initial value Lo(0) and equations 

Lk{t) = ^{k, t)U-iit) + zViLk-i{t)B, (6.1) 



-Lo(t) = ViLo{t)B - itPiO, t)Lo(t). (6.2) 

Under the previous section assumptions we had B = A* , = iJ^l- ^^i^ 
section we have five parameter matrices: A, B, no(0), Lo(0) and 5*0(0) and 
assume that the operator identity 

^5-0(0) - So{0)B = no(0)Lo(0) (6.3) 
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holds. Now the matrix functions Sk{t) are defined by the relations 



Skit) = S,_i(t) -mfc_i(t)P2e(A:,t)U_i(t), (6.4) 

j^Soit) = ^[ASoit) + So{t)B - no(t)(Pi - P2)LoW). (6.5) 
Then quite similar to the formulas (j4.19j) . (j4.2ip . and (j4.26|) we derive 

ASk{t)-Sk{t)B = U,{t)Lk{t), (6.6) 

^Lfe(t) = ViLkit)B - #(A;, t)Lfc(t), (6.7) 
at 

j^Sk{t) = ]^[ASk{t) + Sk{t)B - %{t){Vi - P2)Lfc(t)). (6.8) 
Finally put 

C{k,t)=C{k,t)-iZi2{k-l,t) (fc>0), (6.9) 

(7(0, t) = (C(0, t)-' + ^Z2i(0, t))-\ (6.10) 

Q(fc, t) = Q{k, t) + Zn{k - 1, t) - ^ii(A;, t) (/e > 0), (6.11) 
where Zij{k) are p x p blocks given by the formulas 

Zik) = {Z,,ik)}l^, := (6.12) 



The Backlund-Darboux transformation result is given by the following gen- 
eralization of Theorem 14.11 

Theorem 6.1 Suppose matrix functions C{k,t) and Q{k,t) satisfy NTL 
/ li.oij) and C{0,t) is continuous. Suppose additionally that matrix functions 
C{0,t)~^ + iZ2i{0,t) and matrix functions Sk(t) given by (|6'.-^| ), i6. and 
46'. ijj)) are invertible in the domain —ei <t<e2, 0<k<K. Then the 
matrix functions C and Q are well defined by id. and satisfy NTL 
in the domain —ci <t<62, 0<k<K. 
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Proof. The proof is similar to the proof of Theorem 14.11 We shall need the 
evident identities: 

(6.13) 

From ()6.4p it follows that 

S^' = + tS^'U,^,V2ak)U-iS^\. (6.14) 

Using (jnUl), ()6.14p . and the first equality in relations ()6.13|) by induction we 
can show that 

Lfe(t)5,(t)^i = f(fc,t)Lfc_i(t)5fc_i(t)-i + zPiL,_i(t)5fe_i(t)-M, (6.15) 
where 

^{k, t) := ^{k, t) - iViZ{k - 1, t) + iZ{k, t)Vi. (6.16) 
We cannot use J-unitary matrices to derive the equality 

C{k, t)-i = C{k, t)-^ + iZ2i{k, t), (6.17) 

which is the analog of the important formula ()4.32j) . anymore. Therefore we 
shall consider now V2C,{k)'^V2 for A; > 0. (If A; = 0, then formula ()6.17p follows 
from §J^.) By X^TH^ and (jfTTHl) we derive 

r2ak?V2 = V2mVMk) - ^Z{k - 1))V2. (6.18) 

Notice further that according to ()4.1U|) and ()6.13p we have 

V2Z{k)Vi^{k)V2 = V2LkS^'llk-iV2. (6.19) 

Hence taking into account formula (j6.15|) and equality V2^{k) = V2i{k)Vi 
we get 

V2Z{k)Vii{k)V2 = V2^{k)ViZ{k - l)V2. (6.20) 
Using equalities ()6.13|) and ()6.16|) by ()6.18|) and ()6.20|) we obtain 

V2l{kfV2 = V2^{k)Viak)V2 - ir2Z{k)riak)V2 = V2. (6.21) 
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In view of the formulas (j6.9p and equality (j6.2ip yields (j6.17|) . More- 

over ^ preserves the form (|4.37|) from the previous section. 

The transfer matrix function wa is given here by the formula 

WA{k, t, I) = - U{trSk{ty\A - lIn)-'fLk{t). (6.22) 

From (ICTHl . dnH, and (IH:^ it follows that 

WAik, l)G{k, I) = -IVi + t^k) - tUS,\A - lln)-'llk-i 

-US.'Uk-i^ky'V,. (6.23) 
Taking into account ()6.15|1 we rewrite ()6.23|1 : 

WA{k, l)G{k, I) = -IVi + i^{k) - Z{k)Vi + ii{k){wA{k - 1, /) - /„) 

+ViU-iS^\A{A - IhY'flu.i. (6.24) 

Finally using the equahty A = {A — lln) + lln and definitions ()4.44p and 
()6.16|) of G and ^, respectively, we obtain 

WA{k, t, l)G{k, t, I) = G{k, t, l)wA{k - 1, t, /). (6.25) 

The proof of ()4.4H) . where F and F are defined by ()4.42j) . and ■?/' is 
defined by (j4.29|) . (j6.9|) and (j6.1(jp . is quite analogous to the one in Section 3. 
After we recall that NTL is equivalent to the zero curvature equation 1)4.11) it 
remains to derive from ()4.4H) and ()6.25|) the equation ()4.48p and then ()4.49|) . 
These arguments coincide with the corresponding arguments from Theorem 
Ol ■ 

Finally notice that the important case of blow-up of the NTL solution 
can be studied in terms of the invertibility of ^^(t). 

7 Appendix: Jacobi matrices 

DCS are closely related to the well-known Jacobi matrices. For symmetric 
block Jacobi matrices we shall obtain an analog of Theorem 13.51 Suppose 
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that the sets of matrices {C{k)}k>Q and {Q{k)}k>o such that 

C{k)Q{ky = Q{k)C{k) {k>0), C{k)>0 ik>0), (7.1) 

are given. Fix n > 0, two n x n parameter matrices A and 5*0 and n x m 
parameter matrix Ho, such that 



ASo - SqA* = zHoJn*, So > 0. 



(7.2) 



Introduce matrices 11^, 5*^, C{k), and Q{k) by the same equahties as in 
Section m but without dependence on t: 

Uk = Uk-i^-' - tAnk-iV2, Sk = Sk-i + Ilk-iCik)Ul_„ (7.3) 



-iQ{k) C{k) 
C{k)-^ 



Cik) 





c{ky^ 



(7.4) 



C{k) =C{k)+X22{k-l) {k>0), C(0,t) = (C(0) -Xn(0)) \ (7.5) 



Q{k) = Q{k) + i{X2i{k - 1) - X2i(A;)), X{k) = = UlS^^Uk. 

(7.6) 

Introduce now a block Jacobi matrix by the equahties 

6i Si ... 
C2 62 ^2 . . . 
C3 63 as ... 



(7.7) 



where for A; > we put 
flfc = -iC{k)--2C{k+l) 



bi = c{k)--^Q{k)c{ky 



(7.8) 

Matrix L can be considered as the GBDT of the Jacobi matrix L defined by 
the same formulas (j7.7p and (j7.8j) but with tildes removed. 
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Theorem 7.1 Suppose Jacobi matrix L is given by the formulas ^7^- 
and relations j 7. l\ ) and (|7.i4 ) o^^e valid. If f ^ is an eigenvector of A such 
that 

Af = f,f, [I, 0]n*5o-V = 0, (7.9) 
then the vector Y = col [yi y2 ■ ■ ■], where col means column and 

y, = [0 C{kn]UUS,\f, (7.10) 

is an eigenvector of L: 

oo 

LY = fiY, 5^y*yfc<oo. (7.11) 

k=l 

Proof. First notice that the equality bk = bl in ()7.8|) follows from ()7.1|) . 
Next similar to the proof of the equation ()6.15|) we shall show that 

IllSi:' = ^P2IlUS^l,A + 

Indeed, by dig), (Q, (EZEl, and (jOJ we get 

uis,' = zu{krH,j{u{k - irr'fius,\A+u{kr{i^+ 



C{k)-^ 
C{k) -iQ{k) 



ft* '^'"^ 



(7.12) 



H,mus,\Uk-iJ - uis^'u,jH,j){u{k - irr'K-iS^\. (7.13) 

By (1131) -dHH) we rewrite (fTT!^ as 

n*5,-i =zJr^(fc)(e(fc)-^)*nLi5,_\A+ ((e(A;)-i)*+ 

Mkmk)-'riius,\ii,^,j - uis^'u,m{akr'r)fius,\. {7.u) 

As Jvik){^{k)-^y = V2, so (1711) yields 

UlS^' = ^V2nus,\A+ 
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C{k)-^ 
C{k) -tC{k)Q{k)*C{k)-^ 



+ 



-Xn(A;) 
X22{k-1) X2iik - 1) - X2lik) 



(7.15) 

Finally, using (lO^ . ^TT^ . ^H^-^T^, we transform ^HT^ into (I7:T^ . 

Now, according to the first relations in ()7.8p and ()7.9|) and to the formulas 
flTHIll and (TTT^ we obtain 

akyk+i = -tCikr-^[0 I,]niS^'f = 

^iyk-C{k)-'^Q{k)C{k)"^yu-^C{k)^I, ^l^iS^-if- (7.16) 
Using the second relation in the definition ()7.8p we rewrite ()7.1(jp as 

hyk + akyk+i = fJ'Vk - iC{k)^Ip 0]n^_iS'^^^/. (7.17) 

In particular, in view of the second relation in ()7.9|1 formula ()7.17|1 yields 

bm + aiy2 = fiyi. (7.18) 

For A; > 1 from (|7.12p we derive 

zC{k)^I, 0]UUS,1J = 



tCikf^Cik - l)-^[0 Cik - l)-^]n^25,-_V = aUy,_,. (7.19) 
By (ffTTjl and fTI^ we get 

Ckyk-i + bkyk + akyk+i = i^-yk {k > 1). (7.20) 

Formulas ()7.18|) and ()7.20|) yield the first relation in ()7.11|) . 

To prove the second relation in ()7.11|) consider expressions ylyk- One can 
see that 



ylvk = r5,-_\n,_iC(fc)nLi5,_\/, ({k) 





c{k)-^ 



(7.21) 
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By (|4.9p we rewrite (|7.21|) in the form 

vlvk = 9l-iWo{k - lyjuik - i)ak)u{k - lyjwoik - (7.22) 

where gk are defined in (|3.22|) . Hence, using (j4.34p and the fact that Wo{k) 
is J-unitary, we obtain 

ylVk == 9UJU{k - mk)U{k - lyjgk-i. (7.23) 
As ^ik)C{k)^{ky = r]{k), formulas SFTm and STI^ yield: 

ylVk == gUJU{k)i{k)ak)l{kyU{kyjgk-i = gUH^gu-i. (7.24) 

It was shown in Theorem 13.51 that J2T=i9k-iHkgk-i < oo, i.e., by ()7.24|) the 
second relation in ()7.11|) is true. ■ 
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